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Term | — Week 7 — Theory

PROJECTILE MOTION:

EXAMPLE:

A soccer player kicks a ball on the ground with initial velocity 30 m/s at an angle of 30°. Assuming the
acceleration due to gravity is 10 m/s?2. Find:

(i) The Cartesian equation of the trajectory.

(ii) The time of flight and the range.

(iii) The maximum height and the time when it occurs.

(iv) The speed and angle when the ball strikes the ground.

SOLUTION:
(i)
Horizontal Motion Vertical Motion
yzf—lo.dt
*=f0'dt y = —10t + D
x =C Whent =0, y=Vsina
Whent =0, x =V cosa y = 30sin 30°
x = 30 cos 30° y=15
% =15V3
15 =-10(0) + D,
“x = 15\/§ D, =15
‘ ~y=15-10t
x =f15\/§.dt

y:J15—10t.dt
x =15V3t +C,
y =15t —5t>+ D,

Whent =0,x =0,
Whent =0,y =0,

0 =15(0) —5(0)% + D
0 =15V3(0) + 5 0() 7 +D,
2:

Cz = 0
~y = 15¢ — 5¢* ‘
~x = 15V3t
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i =_* = — 5¢2
Substitute t = 15\/Elntoy = 15t — 5t*,

y=1 (15i/§) 3 <15):/§>2

X c x?
3 675
2

x x
—_——— which is the Cartesian equation of the trajectory

Y= 3135

(i) Wheny =0,

15t —5t2 =0
5t(3—-t)=0
t=0, 3

Since t = 0 is the starting point so t = 3 is the time of flight.

Whent = 3,
x = 15V3t
x = 15V3(3)
&~ x =45V3m

= The range is 45v/3 metres.

(iii) Wheny =0,
15—-10t =0
10t = 15
t = 1.5 seconds

Whent = 1.5,

y = 15t — 5¢t2

y = 15(1.5) — 5(1.5)?
y=1125m

~ The maximum height is 11.25 metres and it occurs after 1.5 seconds.

(iv) Whent =3,

% = 15v/3 and
y =15—10t
y =15-10(3)
y =—15
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By Pythagoras’ Theorem,

2
Vfinal = \/(_15)2 + (15\/§)
“ Veina =30 m/s

. 15
anag = ———
153
. 1
ana = ——
V3
wa=-30°

~ The speed is 30 m/s and the angle is —30° when the ball strikes the ground.
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A tennis ball is thrown from the top of a 30 m building at an angle a to the ground level where tana = gwith

an initial velocity of 20 m/s. Neglecting air resistance and assuming the acceleration due to gravity is 10 m/s?,

find:

(i) The Cartesian equation of the path.
(i) The maximum height reached and the time when it occurs.

SOLUTION:
(i)

Horizontal Motion

| ax=o0

X=f0.dt
)'C=C1

Vertical Motion

.y =—-10
y=f—10.dt
y =—10t + D,

Whent =0, x =V cosa

Whent =0, y=Vsina

=}

y =16

@ O

x=12

‘ x=12
x=f12.dt
x=12t+C2

Whent =0,x =0,

0=12(0)+ G,
C2=0
wx =12t

16 = —10(0) + D,
D, =16

£y =16 —10t

y=f16—10t.dt

y =16t — 5t + D,

Whent =0,y = 30,

30 = 15(0) — 5(0)2 + D,
D, =30

~y =30+ 16t — 5¢t*
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Substitute t = % intoy = 30 + 16t — 5t2,

y=30+16(i)—5(i)2

12 12
o — 4 5 2
Ly = 30+§X—mx
(i) Wheny =0,
16 —10t=0
10t =16
t = 1.6 seconds
Whent = 1.6,

y =30+ 16(1.6) — 5(1.6)2
y = 42.8 metres

~ The maximum height is 42.8 metres and it occurs after 1.6 seconds.
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A ball is thrown so that it just clears a wall that is 25 metres horizontally and 13 metres vertically from the
point of projection. If its range is 45 metres, find the speed and angle of projection.

SOLUTION:

Horizontal Motion

5C=f0.dt
5C=Cl

Whent =0,x =V cosa,

Ci=Vcosa

‘ ~x=Vcosa

x=fVcosa.dt

x=Vcosat+ C,

Whent =0,x =0,

0=Vcosa(0)+C,

C2:0

~x=Vcosat

Vertical Motion

| 2§ =-10

y=f—1o.dt
y = —10t + D,

Whent =0,y = Vsing,

Vsina = —10(0) + D,

D, =Vsina

‘ ~y=Vsina—10t

y=stina—10t.dt

y=Vsinat—5t*+D,
Whent =0,y =0,

0 =Vsina (0) —5(0)2 + D,
D2=0

&y =Vsinat— 5t?
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The Cartesian equation of the trajectory can be found by substituting t =

Term 1 - Week 7

*_intoy = Vsinat — 5t2.
Vcosa

y=Vsina(Vcisa)—5(

5x?2 5
y =xtana — —-sec’ a

x 2
V cos a)

Given that when x = 45,y = 0 and x = 25,y = 13,

So,
45)? 5
45tana — 72 secca =0
10125
45tana —Tsec a=0
10125 sec? a
—Vz = 45tana
10125 sec? a
V=
45tana
225sec’ a
Vi=————— —(1)
tan a
And,
25)? 5
13 =25tana —Tsec a
3125sec’ a
13 =25tana ———>—
3125sec?a
— vz = 25tana — 13
3125sec® a
= ———(2)
25tana — 13
Equate equations (1) and (2),
225sec’ a 3125 sec’ a
tana  25tana — 13
225(25tana — 13) = 3125tana
5625tana — 2925 = 3125tana
2500tana = 2925
) 117
=700
s a =~ 49°29’
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When a = 49°29’,

225 sec’ a

tana

VZ

_ 225sec?(49°29)
"~ tan(49°29")

= 455 29
B 52

~V ~2134m/s
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Term | — Week 7 — Homework

Projectile Motion:

1. A projectile at the highest point of its trajectory has a velocity 8 metres per second and its position is
8 metres above the ground. Find, taking g = 9.8ms™. (5 marks)
(i) The angle of projection (to the nearest degree).
(ii) The initial velocity (correct to 1 decimal place).
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2. OAisa vertical building of height 20 metres. A particle is projected horizontally from A with speed

10m/s. At the same instant, a second particle is projected from O with speed 10v/5m/s at an angle 6

above the horizontal. The two particles travel in the same plane of motion. Take g = 10m/s2.
)

¥

10ms=
e
m 1045 ms-t
e
o8V
x
(i) Write down expressions for horizontal and vertical displacements relative to O for each
particle after time t seconds. (2 marks)
(ii) Show that if the two particles collide, then they do so after 1 second. (2 marks)
(iii) Show that if the two particles collide, when they do so their paths of motion are

perpendicular to each other. (2 marks)
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3. Andrew, whose height is 2 metres, throws a ball from area A in the direction of the Cohen building
which is 15 metres high. He throws the ball with an initial velocity u at angle @, and he is 20 metres
from the base of the building. Assume that ¥ = 0 and j = —10m/s.

i

r4 ih

A
0 .
20m
2
(i) Show that y = xtana — Suiz (1 + tan? @) + 2 at any time t. (2 marks)
(ii) Hence, find between which two angles of projection must he throw the ball to ensure that it
lands on the roof of the building, or over, given that u = 25m/s, to the nearest degrees. (3

marks)
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12

T is the top of a building h metres high. The points O, D and F are in the same line on flat level

ground. O is the base of the building. D is d metres from 0, and F is a further d metres from D. At
time t = 0, two particles A and B are projected with the same initial velocity Vm/s from T Particle A
is projected horizontally and particle B is projected in the same direction, but at an angle @, « > 0, to
the horizontal. The equations of motionare ¥ = 0 and y = —g.

T

Lr——

-~

“la n £
< - d - VI d oo > "
(i) Assuming that the position of particle A at time t is given by
x=Vt,y=—%gt2+h

Show that the Cartesian equation of the trajectory is given by y = h — f?xZ. (1 mark)

(ii)

Assuming that the position of particle B at time t is given by x = Vtcosa andy = — %gt2 +

Vtsina + h. Show that the Cartesian equation of the trajectory is given by y = x tana —

x2

~asecta+

(iii)
(iv)
(v)

h. (1 mark)

2
If A lands at D show that h = %. (1 mark)

If both A and B land at D show that tan & = *. (2 marks)
If A lands at D and B lands at F show that d > 2h+/3. (3 marks)
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5. During an army exercise, a surface to air missile is launched from the point O in order to intercept a
dummy bomb that is released from a point D. The point D is 9500 metres directly above 0.

y A
|
|

I)\\ 60 )

& I
N 250ms
\

AR
9500m \

N\

AN

325ms’

/
/

/ / 3
/}‘, \

[/
[/

A O\

. /_(I ) \ \
(.'i

The dummy bomb is released at an angle of 60° below the horizontal, with a velocity of 250m/s. It
can be shown that the equations of motion of the dummy bomb are:

xp = 125t and yp, = 9500 — 125+/3t — 5t2. (Do NOT prove this)

(i) Calculate how long it would take the dummy bomb to reach the ground (correct to the
nearest second) and where it would strike the ground (correct to the nearest metre). (2
marks)

The missile is launched at the same time as the dummy bomb is released. It is launched with an initial
velocity of 325m/s and its angle of projection above the horizontal is a. The equations of motion of
the missile are:

xy = 325t cosa and y,, = 325t sina — 5t2. (Do NOT prove this)

(ii) Show that in order for the missile to intercept the dummy bomb it must be launched with an
angle of projectile « = cos™?! (%) (1 mark)

(iii) How high above the ground, correct to the nearest metre, does the collision occur? (3 marks)
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6. Two flares are fired from a boat at the same time and with the same velocity V. Flare A is fired
vertically upwards. Flare B is fired at an angle of inclination to the horizontal of 6.

(i) Ignoring air resistance, show that the height of flare A is: y, = — %gt2 + Vt. (2 marks)

(ii) Show that the difference between the maximum height of the two flares is 12/_2(:082 6.You
may assume that the height of flare B is yp = — %gtz + Vtsin 6. (3 marks)

(iii) It is known that the best chance for the two flares to be seen is for the ratio of the range of

flare B, to the difference in maximum height of the two flares, to be 4: V3. Find the value of
6 that gives the best chance of the two flares being seen. (3 marks)
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An archer stands at the edge of a cliff and shoots an arrow at a constant velocity of Vm/s and at an
angle 8 to the horizontal, where 0 < 8 < 90°. The arrow that he shoots is released from a point

2sin% 6 . V2(1+V3
kLR vertically above the ground. At ground level, %

m away horizontally from the point of

S . V2 . . . . . .
projection is a lake that is Em wide. The position of the arrow at time t seconds after it is projected is

given by:

VZ2sin? 6

2
x=Vtc039andy=—%+Vtsin9+ . (1 mark)

. NOT TO
e SCALE
o
V*sin- @
m
$-+ -
] ground
- 7[-:”"""3} —= lake
4g
(i) Show that the Cartesian equation of the path of the arrow is given by:
2 2 cin2
y = —"2’Vizsec2 0+ xtan 8 + 228 (1 mark)
" - — VZ(1++3)sin 26
(ii) Show that the horizontal range of the arrow on the ground is given by x = 2 (2
marks)
(iii) Find the values of 8 for which the arrow will not land in the lake or on the edge of the lake.
(4 marks)
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The diagram below shows the parabolic path of a particle that is projected from the origin O with
velocity VV at an angle a to the horizontal. It lands at the point P, which lies on a plane inclined at an
angle of 8 to the horizontal. When the particle strikes the plane, it is travelling at 90° to the plane.
Let OP = d, and assume that the horizontal and vertical components of the displacement of the
particle from O while it is moving on its parabolic path are given by

x=Vtcosaandy =Vtsina — igt2 where t is the time elapsed and g is the acceleration due to

gravity.
A}
V,
P
d
o B
0 X
(i) Find the co-ordinates of P in terms of d and . (1 mark)
(ii) By substituting the co-ordinates of P found in part (i) into the displacement equations,
2v2cos?a .
show that d = e (tan a cos B — sin B). (2 marks)
(iii) By resolving the horizontal and vertical components of the velocity at P, show that cotf =
gdcosp _
Vo2 — AN a. (3 marks)
(iv) Hence show that tan @ = cot 8 + 2 tan 8. (2 marks)
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9. The wall of a fort on level ground is 3 metres thick and 20 metres high. A projectile is fired from a
point O outside the fort, h metres from the base of the wall of the fort, towards the fort as shown in
the diagram below.

Vi
o N f Not to
L] Scale
| 1 | 1 | 1 | 1 20
e ' X
o H H x
1—}3—*—3—»5

It is assumed that the path of the projectile traces out a parabola of the form y = bx — ax? where a
and b are constants.

20(2h+3) 20

(i) Show that b = anda = . (3 marks)
h(h+3) h(h+3)

(ii) Let the angle of projection of the projectile be 8 degrees and initial velocity be Vm/s and let

g = 10m/s%,

Hence, the equations of motion are x = Vt cos 8 and = Vt sin 6 — 5t2 . Show that the

2

equation of the path of flight of the projectile is given by: y = x tan 8 — stczsz o (1 mark)
(iii) Hence show that V2 cos? 6 = @. (1 mark)
(iv) If the projectile is fired at an angle of 45°, find the values of h and V correct to two decimal

places. (4 marks)
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10. In the diagram below, a large number of projectiles are fired simultaneously from O, each with the
same velocity V but various angles of elevation 8, at a wall distant 10 metres from 0. The projectiles
are fired so that their trajectories all lie in the same vertical plane perpendicular to the wall. (9 marks)

|

WALL

M \

\

W

SERERRALE

L VA

VA

EEER

You may assume that the equations for the coordinates of a projectile at time t are x = Vt cos 8 and
y = —%gt2 + Vtsin .

(i) Use the identity sin® 8 + cos? 8 = 1 to eliminate 8 from the two equations, and hence
prove the relationship between height y and time ¢ is:
4y% + 4gt?y + k = 0 where k = g%t* + 4x% — 4V ?¢2.
(ii) Show that the first impact on the wall occurs at time t = 11/_0 and that this projectile was fired
horizontally. Also find where this projectile hits the wall.
(iii) Show that for t > 170 there are two impacts at time t and that the distance between these

impacts is 2VV?2t2 — 100.

Given that V = 10m/s, what are the initial angles of elevation of the two projectiles that
strike the wall simultaneously 20+/3 metres apart.

(iv)

End of homework
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